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Abstract. The general formalism for the description of neutrino oscillations in
arbitrary rapidly varying external fields is elaborated. We obtain the new effec-
tive Hamiltonian which determines the evolution of the averaged neutrino wave
function. The general technique is applied to the neutrino oscillations in rapidly
varying magnetic fields. We evaluate the transition probabilities of the neutrino
spin-flavor oscillations in magnetic fields of the Sun and compare them with the
numerical solutions of the Schro¨dinger equation with the exact Hamiltonian.
One of the most interesting problems in the neutrino physics is the solar
neutrino deficit. Nowadays it is experimentally established that the disap-
pearance of solar electron neutrinos can be accounted for by the LMA-MSW
solution. Apart from the LMA-MSW solution other theoretical models of the
solar neutrino oscillations like spin-flavor precession (see work [1] and refer-
ences therein) are also considered. We mention that neutrino oscillations in
electromagnetic fields of various configurations were examined in our previous
works (see Refs. [2]).
In this paper we study neutrino oscillations in presence of general rapidly
varying fields. We derive the new effective Hamiltonian for the time evolution
of the averaged neutrino wave function. Then we apply the general technique
to neutrino oscillations in rapidly varying magnetic fields and discuss the neu-
trino conversion in solar magnetic fields. We present the numerical solutions
of Schro¨dinger equation for the neutrino system interacting with the constant
transversal and twisting magnetic fields and compare them with the approxi-
mate analytical solutions found in this work.
Let us consider the evolution of the two neutrinos ν = (ν1, ν2), which can
belong to different flavors and helicity states. The evolution of the system is
described by the Schro¨dinger type differential equation,
i
dν
dt
= Hν. (1)
Here we do not specify the explicit form of the Hamiltonian but just suppose
that it is decomposed into two terms,
H = H0 +H, H(t+ T ) = H(t). (2)
The Hamiltonian H0 corresponds to the neutrino interaction with constant or
slowly varying external fields. In presence of only this term the solution of
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Eq. (1) can be easily found. It is known to be periodical with the typical
frequency Ω0 ∼ 1/Leff, where Leff is the oscillations length. The function H(t)
corresponds to rapidly varying external fields. The frequency ω = 2pi/T should
be much greater than Ω0.
We will seek the solution of Eqs. (1) and (2) in the form (see also Ref. [3]),
ν(t) = ν0(t) + ξ(t). (3)
In Eq. (3) the function ξ(t) is the small rapidly oscillating one with zero mean
value and the function ν0(t) is the slowly varying one during T . The mean
value of a function is the time averaging over the period T . After substituting
Eq. (3) in Eq. (1) we obtain two groups of rapidly and slowly varying terms in
Eq. (1). In order for this expression to be an identity the terms of each group in
left-handed side of the equation should be equal to the terms of the same group
in right-handed side. With help of this fact one finds the time dependence of ξ
in the explicit form,
ξ(t) = −i
(∫
H(t) dt
)
ν0(t). (4)
Averaging residual terms in Eq. (1) over the period T and accounting for Eq. (4)
we obtain the equation for the function ν0,
i
dν0
dt
= Heffν0, Heff = H0 − iH (∫ Hdt). (5)
In derivation of Eq. (5) we do not make any assumptions about the smallness
of the interaction described by the Hamiltonian H.
On the basis of the general technique we discuss the neutrino evolution in
matter under the influence of a combination of the constant transversalB0 and
twisting B(r) magnetic fields. In our case the Hamiltonians H0 and H have
the form
H0 =
(
V/2 µB0
µB0 −V/2
)
, H =
(
0 µBe−iωt
µBeiωt 0
)
, (6)
where µ is the neutrino magnetic moment. In Eq. (6) we introduce the quantity
V/2 = (∆m2/4E)Θ−GFneff/
√
2, where Θ is the function of the vacuum mixing
angle θvac (see Ref. [4]), ∆m
2 is the difference of the neutrino mass squared, E
is the neutrino energy, neff is the effective matter density, ω is the frequency of
the transversal magnetic field variation, GF is the Fermi constant.
Using Eqs. (5)-(6) it is possible to derive the expression for Heff ,
Heff =
(
V/2− (µB)2/ω µB0
µB0 −V/2 + (µB)2/ω
)
. (7)
Since B0 and B do not depend on time in Eq. (7), we can solve Eq. (5) for the
effective Hamiltonian given in Eq. (7). The transition probability is expressed
in the following way
P (t) = A sin2
(
pit
L
)
, (8)
where
A =
(µB0)
2
[V/2− (µB)2/ω]2 + (µB0)2
,
pi
L
=
√
[V/2− (µB)2/ω]2 + (µB0)2. (9)
As it results from Eqs. (8) and (9), if the following condition is satisfied,
V
2
≃ (µB)
2
ω
, (10)
then A ≃ 1 and the transition probability can achieve great values. This
phenomenon is analogous to resonance amplification of spin-flavor oscillations.
It is interesting to discuss the situation when B ≫ B0. In this case the value
of A0 = A(B = 0) is much less than unity. Hence the transition probability at
the absence of the additional twisting magnetic field is small. In this case, if we
choose the parameters according to Eq. (10), the amplitude of the transition
probability becomes great. From Eqs. (9) and (10) one can derive the restriction
imposed on B and B0, (B/B0)
2 ≫ 1.
Now we consider one of the possible applications of the developed technique
to neutrino spin-flavor oscillations in magnetic fields of the Sun. The solar
magnetic field is unlikely to be only either constant transversal or twisting.
Therefore we can apply the method elaborated in this paper to the description
of the solar neutrino conversion. We examine one of the possible channels of
neutrino oscillations, namely νeL ↔ νµR conversion. First one should estimate
the parameter V in Eq. (6). In our case Θ = (1+ cos 2θvac)/2 and the effective
matter density neff = (ne−nn/2). Let us discuss the neutrino with the following
properties, ∆m2 ∼ 10−5 eV2, θvac ∼ pi/4. We take the neutrino energy E ∼
10 MeV. Matter is supposed to consist mainly of hydrogen and has the density
d ∼ 1.4 g/cm3. For these parameters we obtain that V/2 ∼ 10−15 eV.
We can evaluate the strength of the magnetic fields necessary for the 10%
conversion of the initial νeL beam. We assume that neutrino conversion occurs
along the distance D ≃ 3.2 × 1014 eV−1 ∼ R⊙/10, where R⊙ is the solar
radius. Neutrinos are supposed to have the transitional magnetic moment
µ = 10−11µB. Setting P (t) = 0.1 in Eq. (8) we obtain B0 ≃ 17.6 kG. Then we
can derive the strength of the twisting magnetic field: B ≃ 3.2B0 ≃ 56.3 kG.
The resonance condition (10) is satisfied if ω ≃ 1.0× 10−14 eV.
In order to substantiate the correctness of the approach developed in our
paper we obtain the numerical solutions of Eq. (1) with the Hamiltonian given
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Figure 1: Neutrino transition probability for νeL ↔ νµR oscillations; (a) ω = 1.0×10
−14 eV;
(b) ω = 4.0× 10−14 eV.
in Eq. (6). The probabilities of neutrino oscillations are shown on Fig. 1 versus
τ = 1.5t. We also compare them with the approximate analytical formula (8).
The solid line corresponds to the transition probability computed with help of
the numerical solution of Eq. (1) for the parameters taken above. The dashed
line represents the transition probability given in Eq. (8). It can be seen in
Fig. 1 that the numerical expression for the transition probability approaches
to the approximate formula given in Eq. (8) at great frequencies of the twisting
magnetic field. This comparison proves the validity of the elaborated technique.
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